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-  AERONAUTIC  SYMBOLS 
1.  rUNDAMENTAL  AND  DEBIYED  UNITS 


— -.  ^  ■  - 

Symbol 

Metrio  k^ 

English  _  7. 

Unit  k  . 

Abbrevia-, 
k  -tion  ' 

-■'7,  ■'  -U^t  . '  ■.-  - 

Abbreria-, 
;^^tion  / 

Length-..^— 
Time™---r— 
Force— --—i 

k'-..  1  - 
-  .  i  > 

meter. _ ........ 

second.. - - - ... 

weiglit  of  1  kilogram- - 

;'m  k: 
-7-'  a  ■' 

■w-kg  k 

ioot  (or  mile) _ _ _ 

second  (or  hour)—...— 
weight  of  1  pound.... - 

i  ■ 

ft  (or  mi)  - 
sec  (or  hr) 

lb-  .  .v;v.:  '7'  ■ 

Power— ♦.r— 

Speed.-..—- 

fyPj- 

V 

/— ‘  • 

horsepower  (metrio) .  ..  .k 
fkilometers  per  hour-,...  . 
\meteis  per  second.. .—— 

kph 

mps 

horsepower. _ ^:— — . 

^milesi)er  hour.  ...  -'-  .  . 
ieet  per  second— 

'  -,  'r 

mph , 

Jps- 

.  - 


^  :  v  -■  ,-r  ■■  s-  ■ 

2.  GENEBAL  SYMBOLS  /  : 


-  c  >  *■;  ■  Kinematic viscosit^^  -  - 

’  Standi  ac<y[eirati6n  of  gravity=9.80665  m/e*  V  '  .  Density^ndasa  per  unit  yoEnne) 

'or 32^1740  £t/8e<^_  ''  -  L  -  Standard  donsit^of  dry ^,  0.1249rk&-- 

.'-T-  /  i-=^''-~'-'^rraiid.760.mm;  or  0.00237&,lb-ft'^^8e^ 


V 

2 

L' 

P 

Do 

D« 


'Ar'e& 

Area  oi(  wing  " 
Gap 

-Span;  . 

Chord  ^ 

Aspect  rafio^^ 

True  air  i 


y." 


Jpynamio  presst^  T  - 
pifVabs(3ut^ 

—  k:-  J) 

Drag,  absolute^^iffici^t 


I>6 


Profile  drag,  absolute  co^cirait 
Induced  drag,'  absolute  coefficient  0/).=^ 

i)p  Parasite  drag,  absolute  coefficient 

^  ^  -r'  -  O 

P  Cross-wind  force,,  absolute  coefficient  Cc=^ 


^  4  ;  An^e  (rf  setting  of  wmgs  (rdati^e  to 

%$  Ando  of  stabilizer  letting  (rdatiye/ to 

:k^.“'&widtaht’^'m^  I’ 

Resultaht'wi^arYeioci^^^^^^^^  '  ■:r" "  V  - 

-  ■'••  ^  .-'-r.r.  k-  .  :C  ~  *. 

whi^elisalmwdm  J 

^  ~  7  J  -^n(e.g,,forwiaiifoilori.0ft4Bh^,100mphj^^^^^^^^^  -Iv  . 

/  . :  Bedard  pressure  at  15®  C^  th^coire^nding  :";i  t- 

y~.  ^  ^  ^  ^  Reynolds  number  is  935,4(10;  oiTfor  an  drfdU 
•  '  ^  ^  of  1,0  m  clmrdy  100  mps,  the  <k)iTe^ondihg;  :  V  ;  ; , 

k  ^  E  ^kcr  v^kk  'S?  ;  '  -  ^  ' 

_  _  Angle  otattack  ^  '  r ■”7^'  -^Tv: 

kkr  \  And®  of  dpw^^  *  f 

;  a,^  _  Angle  of  attackTiiffihite  a^ect  ratid^  ^ 

;  a<  -  -Apjgle  of  attack,  induced  .  - 

/  Angl®  ^f  Attack,  absolute  (measured  from  zero* 

^  ^  Mt  position)  .  ,  ..c:^ 

:~y  FUght-path  angle  ^ 7”^ -  r  ^7  "  -  ^ '  r  >  ^  ^  3 

r  ■  •"  f  ^  _  "7;  ^  ~  ;  ■■'/.  ■"^?  -  V-  "v  i 


:'/v"  ;  'k  '^  /' *  i 

f*fe( 


•/ 


„-•  c 


'••  .•  -k-  ■  •?^-., 
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STABILITY  DERIVATIVES  AT  SUPERSONIC  SPEEDS 
OF  THIN  RECTANGULAR  WINGS  WITH  DIAGONALS  AHEAD  OF  TIP  MACH  LINES 

By  Sidney  M.  Harmon 


SUMMARY 


Theoretical  results  are  obtained,  by  means  oj  the  linearized 
theory,  for  the  surface-velocity-potenti^^  functions,  surface- 
pressure  distributions,  and  stability  derivatives  for  various 
motions  at  supersonic  speeds  of  thin  flat  rectangular  wings 
without  dihedral.  The  investigation  includes  steady  and  accel¬ 
erated  vertical  and  longitudinal  motions  and  steady  rolling, 
yawing,  sideslipping,  and  pitching  for  Mach  numbers  and 
aspect  ratios  greater  than  those  for  which  the  Mach  line  from 
the  leading  edge  of  the  tip  section  intersects  the  trailing  edge 
of  the  opposite  tip  section.  The  stability  derivatives  are  derived 
with  respect  to  principal  body  axes  and  then  transformed  to  a 
system  of  stability  axes.  In  the  case  of  yawing,  a  treatment  for 
the  infinitely  long  wing  which  takes  account  of  the  spanwise 
variation  in  the  stream  Mach  number  is  extended  to  the  finite 
wing,  and  a  plausible,  although  not  rigorous,  solution  is  obtained 
for  the  wing  tip'  ejects. 

The  results  for  this  investigation  showed  that  positive  yawing 
at  supersonic  speeds  may  produce  a  negative  rolling  moment 
in  contrast  to  the  behavior  at  subsonic  speeds  where  a  positive 
rolling  moment  would  be  produced.  The  attainment  of  super¬ 
sonic  speed  should  produce  a  significant  change  in  the  positive 
direction  of  the  yawing  moment  per  unit  rolling  velocity.  The 
results  also  indicate  that  unstable  tendencies  are  produced  by 
vertical  accelerations  if 


AfW- 


where  A  'is  wing  aspect  ratio  and  M  is  stream  Alach  number. 

'  '  '  INTRODUCTION 

Kecont  developments  in  supersonic  airfoil  theory  (refer¬ 
ences  1  to  4)  have  led  to  the  calculation  of  many  of  the 
supersonic  stability  derivatives  for  various  plan  forms.  In 
references  5  to  8,  various  theoretical  supersonic  stability 
derivatives  for  small  disturbances  are  presented  for  thin  flat 
wings  of  delta  plan  form.  In  reference  9,  the  supersonic 
damping  due  to  rolling  is  given  for  triangular,  trapezoidal, 
and  related  plan  forms. 

In  the  present  paper  the  methods  of  references  4,  10,  and 
11,  which  are  based  on  the  linearized  theory  for  a  uniform 
stream  Mach  number,  are  used  to  derive  the  supersonic 
surface-velocity-potential  functions  for  thin  flat  rectangular 
wings  without  dihedral  in  steady  and  accelerated  vertical 
motions  and  steady  rolling,  sideslipping,  and  pitching 
motions.  The  potential  functions  that  are  obtained  are  then 


used  to  derive  formulas  for  the  pressure  distributions  and  the 
stability  derivatives  for  the  foregoing  motions  and  also  for 
steady  yawing.  In  the  case  of  yawing,  a  simple  treatment 
given  in  reference  7  for  the  infinitely  long  wing,  which  takes 
account  of  the  spanwise  variation  in  stream  Mach  number 
associated  with  yawing,  has  shown  that  the  assumption  of  a 
uniform  Mach  number  is  far  from  adequate  to  describe  the 
compressibility  effects.  This  treatment  is  extended  herein 
in  order  to  evaluate  the  wing  tip  effects  for  the  yawing  finite- 
span  wing. 

The  steady  motions  that  are  treated  herein  are  assumed 
to  give  small  deviations  from  the  undisturbed  flight  path 
and  the  accelerated  motions  are  assumed  to  have  small 
accelerations.  Theoretical  results  based  on  this  assumption 
for  steady  motions  have,  in  general,  been  found  to  be  reliable  ; 
however,  the  reliability  of  such  results  for  unsteady  motions 
is  as  yet  unverified.  The  results  presented  herein  cover  a 
range  of  Mach  number  and  aspect  ratio  greater  than  that 
for  which  the  Mach  line  from  the  leading  edge  of  the  tip 
section  intersects  the  trailing  edge  of  the  opposite  tip  section. 


SYMBOLS 


y'oA) 

i 

u,v,w 

u 

w 

V 

V' 


P><ll 

a 

M 

B=  fW-A 

M 

a 

f 

a. 


rectangular  coordinates  (see  fig.  1) 
induced  flow  velocities  along  x-  and  y-axes, 
respectively 

coordinate  in  flight  direction  if  this  direction 
is  inclined  to  x-axis 

incremental  flight  velocities  along  x-,  y-,  and 
2-axes,  respectively  (see  fig.  2) 
derivative  of  u  with  respect  to  time 
accelerated  vertical  motion 
undisturbed  flight  velocity 
local  flight  velocity  after  disturbance;  used  to 
indicate  inclination  of  flight  direction  to 
X-axis  (see  fig.  1) 

angular  velocities  about  x-,  y-,  and  2-axes, 
respectively  (see  fig.  2) 
speed  of  sound 
stream  Mach  number  {Vja) 

Mach  angle 

wing  angle  of  attack  in  steady  flight,  radians 

iwlV) 

local  inclination  of  airfoil  surface  with  respect 
to  free  stream,  radians  ^  F+«) 
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a 

r.v 

('y 

Oy. 

LM,K 


(l(M'ivat iv(‘  of  cv  wiili  ri'spi'ct  (o  (inu* 

(iiiu'  following  (lisliirhiUKH',  sc'conds 
aii^K'  of  si(l(‘sli|),  radians  (/',  T'j 
cliord 

w  iii^  s(‘niisi)an 
w  inir  s[)aii 
total  winir  arc'a 

r(‘Lrioii  ol  ml oirra t ion  ovim*  poi’tion  of  win^ 
sui‘fa(*(‘  {si*{‘  tiu*,  d) 

■ 

asp('(‘t  rat  lo  or  --  j 

distanc(‘  of  ori^dn  of  stability  a.\(‘s  from  tin' 
midclioi’d  point,  m(*asnr(*d  alon^  ./-axis, 
positiv('  alu'ad  of  mid(‘liord  point 
mass  d('nsity  of  air 

(list nrl)an(*('-\(‘lo(‘ily  j)ol(‘ntial  on  u[)p(‘r  sm- 
faoo  of  airfoil 

auxiliary  variahb's  whicli  n'piaoc'  x  and  //,  r(‘- 
sp('ctiv('ly  (son  I  f 

indicates  a  t ransformat ion  of  ori^dn  of  x-  and 
//-axes  or  and  77-ax(‘s  from  haulin^^  ed<i:e  of 
e(‘nt(M’ s('etion  lo  leading  ('d^n'  of  tip  s(‘etion 
—  on  riirlit  half-win^;  //u“— //“/< 
on  left  half-win^) 

pressure  ditrerenee  Ix'lweeii  lower  and  upp(‘r 
surfaces  of  airfoil,  positive  in  dirc'ction  of 
lift 

nondiinensional  coefri(dent  expressing  ratio  of 
j)ressure  ditf(U*enee  l)etweeu  low(‘r  and 
upper  surfaces  of  airfoil  to  free-stream 

dynamic  pressure 

constant  irivcm  by  (xpiation  (9) 
induced  suction  force  on  win^^  ti[)  pi‘r  unit 
bm^tb  of  tip 

forc('s  [)arall(‘l  tor-,  //-,  and  c-axes,  respc'ct i v(‘ly 
(s(H‘  li,<r.  2  ) 

lonsritudinal-force  eoidli 

latei’al-for(*e  co(‘liiei(vn t 

V('rtical-force  co(drKd(‘nt 

skin-friction  dra^  coefnci(‘nt 
/Skin-friction  drair\ 


inonumts  about  r-,  //-,  and  r-ax(‘s,  r(‘s])(‘c- 
tiv(dv  (s(H'  fi^.  2);  M  is  also  us(‘d  to  r('fer  to 
Macli  number 


rolling  moment  coe(rici(Md 

(\r.  ]}itcldng-mom(mt  (•o(drK‘i('nt 

(\i  yawing-monumi  <’oeni(dcnt 

Sid/scri])! : 

1,2  contributions  of  normal  ])ressur(‘s  and  skin 

friction,  r(‘sp(‘ctiv('ly,  itt  also  us(xl  to 

in<li(“at(‘  compoiumt  ])ai‘ts  of  ('i^^ 

('■/  and  (\„ 

Su{)('rscri[)t : 

u\  j)  contributions  causc'd  by  \(‘rtical  motion  and 

lolling  motion,  r(‘sp(‘ct ividy 

\\di('iu‘V(‘r  /),  q,  /’,  d.  d,  and  il  ar('  us('d  as  subscripts, 

a  tiondinumsional  d(‘rivativ(‘  is  indicattai  and  this  d(‘rivativ(' 
is  tli(‘  slop(‘  through  z(‘ro,  l^'or  ('xampl(‘: 


rn[)rime(l  stability  derivative's  i’(‘f(‘r  to  principal  i>ody 
ax(‘s;  primed  stability  deu-i vative's  red'er  to  stability  ax(‘s. 

ANALYSIS 
<;kneral  concepts 

ddu'  coordinate*  axe's  anel  the*  symbols  iise'el  in  the*  analysis 
of  t lie*  re*e’tangular  wing  are*  shown  in  figure*  I.  "Phe*  de‘ri vat iem 
of  the*  formulas  foi-  the*  surfae‘e*-vele)e'ity-pe)te‘nt ial  fune'tie)ns. 
pre'ssure*  elist ribut ie)ns.  anel  stability  ele*rivat i ve*s  is  maele* 
initially  with  re*fe‘re*ne*e‘  te)  prinedpal  boely  axe's  whiedi  are*  tixe'el 
in  the*  wing  with  the*  eu’igin  at  the*  miele'he)i’ei  e)f  the*  e'e'uter 

se*e*tie)n  0,  0^  ddiis  syste*m  e)f  axe's  is  she)wn  in  figure  2  (a). 

The*  transfe)rmat iein  e>f  the'se*  stability  ej(‘rivative*s  te)  a  syste*ni 
e)f  st ability  axe*s  (fig.  2  (b))  is  elis(*usse‘el  in  the*  s(*e*tion  entitleel 
“i{e*sulls  anel  Disemssie)!!.’' 

The*  stability  ele‘i-ivatives  are  elete'rmineel  fre)m  integratie)ns 
of  the  fe)re*e‘s  anel  me)ments  e)ve*r  the  wing.  For  ve*rtieal  anel 
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slca.ly  motions,  sncli  ms  vcrticMl  mol  ions,  rolling:,  slilosliiipin^,  | 

and  pitrliiiiir.  'riK'mcllKxIisancxtcnsioii.tomcInili'lipcl- 

'iVcts.ol  llu- workof  I’uckcll  Mmlollirfswlii<-li  uses  tlic  snpor-  | 
posiiioii  of  ol.MiumlMrv  source  solill ions  to  olitain  the  polciUlM  | 
l',,,,,.,!.,,,.  1,1  cases  wlicrc  a  point  on  llic  winsr  is  mllncnciMl  | 

|,v  iwoor  more  muliially  intcrMctinir  cx-lcrnal  liclds,  the  mu'r-  j 
introdm-cs  didiciillics  in  the  solution  lor  llic  surlacc  j 
p,„,.niial.  (Sec  also  rcIVrcncc  12.)  1 1' any  ponit  on  I  In' vvmc  ; 

is  inlliicnccd  iiy  only  one  independent  e.xt.'rnal  Held,  liowevi-r.  j 
ihe  potential  I'unetion  in  a  region  all'ei’li'd  liy  the  wine  up  | 
may  he  ohiained  hy  inleLM-alion  of  elementary  source  sohi-  j 
lions  solely  over  an  appropriate  area  ol  the  winye  l  ie  j 
St  renel  h  of  I  hese  sources  is  shown  to  he  a  11111^  ton  only  ol  I  he  | 
loeal  slope  id'  llie  airl'oil  surface  with  relerenee  I"  'lio  line-  j 
stream  direelion.  Inasmiieh  as  the  slope  ol  the  airloil  siir-  | 
fa<-e  with  relerenee  to  the  IVee-sIream  direction  is  known  lor  a 
eivi'ii  motion,  the  (list rihiil ion  of  sources  is  known  and.  eon- 
seiiuently,  the  (listrilmlion  of  the  surface-potential  fiineliou 
is  determined  by  an  integration  of  the  elementary  source 
solutions  over  an  appropriate  area  of  tlu'  wmir. 

Vs  a!)|)lied  to  the  reetaniriilar  winy  al  siipersome  speeds, 
the  foreyoiny  method  of  referenee  4  for  one  imlepemlent 
external  field  is  valid  as  lony  as  the  foremost  .\laeli  wave 
from  one  li|)  doi'S  not  intersect  the  opposite  tip,  that  h»’ 
Mach  numbers  and  aspect  ratios  for  which  I'or 

this  ease,  the  |)otential  at  a  |)oint  on  the  top  siirlaee  ol  a 
thin  flat  winy  may  be  delermineil  by  means  of  erpialion  (14) 
of  rofcMViKN'  4  and  is  as  follows: 


4>U,yn) 


TT 


a'  (li  i/tj.i 


(2) 


where  o'  reltresimts  the  local  anyle  of  attack  of  the  airloil 
surface  at  the  |)oint  (f.i),,)-  Kiynre  :i  shows  a  typical  royion 
.S'  for  delermininy  the  potential  at.  a  point  (x,i/„)  tn  a 
leelanynlar  winy.  'I'he  (iyme  shows  the  bonmlaries  .SV  over 
which  the  iuteyration  must  be  performed,  for  a  point  (./'..V,,) 
whieb  is  alfeeli'd  by  the  winy-li|)  reyion.  If  the  point 
)  is  located  al  or  inboard  of  the  foremost  .\laeh  line 
froin  the  tip.  this  |)oint  is  nnallVet (-.1  by  the  tip  reyion  and 
.S,^  is  bounded  by  the  leadiny  edye  and  the  .\laeh  lorecone 
from  (./■,;/„).  Suppose  that  the  surface  potential  <t>(.i\y)  has 
heen  obtained  from  eipialion  (2)  or  by  some  other  metliod, 
then  the  dill'ereulialion  of  <l>  "ilh  respect  to  the  coordinate 
in  ilie  free-siream  direelion  di'termines  the  pressure  distri- 
hution  by  means  of  the  Bernoulli  ri'lalion,  eipialion  (D. 

The  expressions  for  determininy  the  snrlaee  pott'litial  and 
the  pressure  eoeflieieiit  for  unsteady  motions  are  discussed 
in  the  si'ction  entitled  “Derivation  of  iMirmiilas." 


('{)MM rn'KL  you  AKHON.vrrK's 

nloHL^  iln*  wiiiL^  lil)s.  4'Ii('  iiil(\2:niis  iv(j(iiiv(l  for  I lu'so  dorivn- 
lionsand  iilso  t}ios(‘  r('(jU!r(‘(l  for  iIk' slnl)ilit y  dt'rivnlivos  ai(‘ 
iuteu-rable  ei  I  her  direct  ly  or  a  ft  er  r(Mluetion  by  parts  by  means 
of  standard  formiihis  smdi  as  aic  yiven  in  referenee  12; 
henet',  ibe  details  for  the  inleyrations  are  not  shown. 
In  the  opei-ations  involviny  faeloriny  Irom  I'adieals,  cafe 
must  be  used  to  preserve  the  correct  siyn  of  the  factors;  for 
(‘xaiu[)l(‘,  if 

!/.■ 

t  !i(Mi 

\  !/a~  ■  \  (.  -//d'  "  -!l" 

For  l)i-(‘vitv,  ilu‘  (inal  foi'inulas  arc'  oiniltful  li-oni  llu‘  d(‘riva- 
lioiis  and  a[)|)(‘ar  oidy  in  ladh's  at  tin'  (‘lul  ot  llu'  |)a()(‘r. 
4'hiis,  tiu'  (list  ril)Ut  ions  of  0  and  Ar/>  ar(‘  snniniariz(Ml  in 
F  and  tho  slal)iiity  d(‘riva t iv(S  ar('  suiumariz(Ml  in 

tal>l(‘.  II.  ...  •  r  . 

All  i1h‘  derivations  nvv  inadi'  spi'cilicaily  lor  a  winjr  lor 

wliicii  AB^'2,  lliat  is,  for  which  tlu'  lorinnosl  Macli  wave' 
from  a  tip  does  not  intersect  the  remote  half-winy.  'I’lie 
formulas  in  table  I  for  the  potential  <t>  and  pressure  eoellicient 
Ac,,  that  are  oblaineil  for  AB^'-  can  be  applit'tl  to  winys  in 
wbieh  lS.17f  =  2  bv  nsiny  the  principle  ol  symmetry  and 
snperiiosiny  separately  each  lip  ellVet  at  the  point  under 
consideration  to  the  value  obtained  for  the  inlimtely  lony 
winy.  -V  consideration  of  this  siiiierposition  |)rineiple  for  the 
reetammlar  winy  shows,  however,  that  the  stability  deriva¬ 
tives  wliieh  are'obtained  for  .4/f^2  apiily  as  well  to  winys 
for  which  -47^=1.  A  more  detailed  description  ot  table  H 
is  yiven  in  ibe  section  entitled  “Results  and  Discussion.” 

VKItTK'AI..  AND  I^ONaaTCDINAI-  MOTIONS 

Derivatives  -CV,,  and  I'of  steady  iiitehiny  motion 

about  a  lateral  axis  thronyh  ibe  niidchord  point,  the  local 
slope,  of  Ihe  airfoil  surface  with  respect  to  the  free-stn'iim 
diT(‘ction  is 

(1-)) 

a  --a+  y  7 

where  «  is  the  anyle  of  attack  in  the  absence  of  |)itehiny. 
In  order  to  obtain  the  potinitial  distribution,  this  value  of 
«'  is  substituted  into  eipnition  (2)  and  the  double  iuteyration 
for  Ihe  variables  ^  and  i)„  is  performed  belweim  tin'  limits 
indicated  in  liyuri.  2.  'I'he  pressure  eoellicient  is  then  oh- 
(}dii(*d  from  ('(juutioii  (1)  h>i'  sh'ndy  motions  ns 


OKlMVA'riON  OF  FOHMl  FAS  j 

The  subseipielit  derivation  of  formulas  for  the  various  j 
motions  will  involve  lirst  the  delerniimilion  of  distributions  I 
„f  surface  potential  and  then  the  ileterniination  of  surface- 
pressure  distributions  and  any  unbalanced  suction  forces  1 


'I’hese  pressure  eoellieients  are  tben  dilferenl iated  with  respect 
to  cx  and  ([.  'I'he  inteyrations  of  the  respective  distributions 
of  Ac;,  over  the  winy  and  conversion  to  nondimensiomil 
units  then  yive  the  derivatives  —<  and  —  t  ,r^. 


>T.\m\A’\'y  I)KKl\A’ri\KS  at  Sri’KHSOXK'  SPKKDS  Ol-  'nnx  KKCTAXCULAU  wixt;s 


W/ng  'lo 


hiitclifd:  ij-h  oil  riulil  h;ilf-u  ini::  <m  It'ft  h:ilf-\vinn. 

Derivatives  (\n  ^  and  ^  -Doriviilivos  aiui 

an*  obtainrd  (liroclly  from  tlu*  prossuro-cocflicient  distribu¬ 
tions  for  aiij^k’  of  attack  and  ])ilchiii^,  thus 


d’iu*  d(‘i'i\'at  i V('  ( is  oblaiiu'd  from  (lu*  (‘quaiion 


Then 


.\f=a'C,„J^  (V+ufSc 


u 


I  ^ 
V  du 


{oL'C,na{\  +  -0 


Tin*  function  is  ol)tain(‘d  from  tabh*  II,  where  its  di‘- 
[)(‘n(h‘tic('  on  u  is  indicat(*d  by  writin^^  a  and  H  in  tin*  same 
form  ^dv(‘ti  prc'viousiy  for  tin*  (h*rivativ(*  Tlu'ii 


'Flu*  (h*rivati\'e  r(*sults  from  skin  friction  and  is 

ol)t aim'd  from  the  equation 


Then 


ACCELEKATKD  MOTIONS 

For  a(*(*(*h*rated  motions  in  the  vertical  plane  of  symmetrv, 
the  pressure  (‘oefiiident  from  equation  (1)  is 


wliere  Ac,,  for  an^de  of  attack  and  pitching  is  ^dven  in  table  1. 

Derivatives  and  -At  supersonic  sp(*(‘ds  the  re¬ 

sultant  pn'ssure  force  on  a  rectangular  winn;  of  zero  thickness 
acts  normal  to  tlu*  surface*  as  there*  is  no  suction  at  the 
h'adinj^  (‘d^^e.  Thus,  the  force's  in  the  .r-diree-tiein  arise  seilely 
fre)m  skin  frie*tion.  On  the  assuinptie)n  that  the  skin  friction 
is  inde'pe'nde’nl  e)f  «  anel  e/,  the*  derivative's  anel  are 

Derivatives  — O-i./  and  —  t  The' eh'rivative* 
is  obtaineel  from  the*  e'e^iiat ie)ii 


The'ii 


[V+iiys 


-  Cy.  ^  [  —  O T  (  f  -P  U)  “]  „„.W) 


The'  function  —  f  is  e)btained  fre)m  table*  11.  Its  eh'penel- 
once  on  tlio  incronientjil  velocity  1.'  is  indiciitcd  hy 

^’'iviic  7^  in  tlu*  form  *;  .  1  iind  in  tin*  fttrni 

r'  Y  f/" 


r+a- 


Then 


1  D 

1  V 

1 '  dll 

Lv  - 

The  surfaea*  potential  iiuHiuatioii  (4)  fe)r  unsteaely  motions 
of  thin  airfoils  in  t\ve)-elimensional  superse)nic  flow  has  been 
eleriveel  in  referene*c  14.  In  referenc'e*  10,  the  methoels  of 
i-efe'renc('s  4  anel  12  for  steady  flow  at  supe*rsonic  spee'els  are 
exteneleel  in  oreler  to  determine  solutions  fe)r  the  surfae'o  po- 
te'iUial  anel  pre’ssure  coefficient  for  unsteaiely  motions  in  three*- 
elimensional  flow.  In  the  present  analysis  the  solutions 
eibtaineel  in  referene-e  10  will  be  utilizeel  to  e*ale*ulate  the  eleriv- 
ative'S  in  ve'rtie-al  motions  with  small  e*onstanl  aea’elerations. 

Derivatives  and  — Cv-- — The  surfae-e  potential 

4>  fe)r  uniformly  ace-elerateel  motion  as  e)btaine'el  fe)r  the  re'^ion 
within  the  tip  Mae-h  e'orie  is  (reference  10,  e'ej nation  (01)) 

-f'P, +  -y/ «)  + 

("'x-^  01 

In  e.*e>nve*rtin^  fre>m  the  notatie)n  of  re'fere'iice*  10  fe)r  a 
re'ct angular  wln^  te)  tlu*  present  ne)tation,  the  following 

y 

transforiiiatie)ns  are  made:  U~V,  7n  =  a,  a  =  0.  ^  =  c— 

— /'ff  “ y  1 and 


KKPOirr  !)2:)  — X  A  TIOXAL  AI)\1S()1{V  {’OMM  I'n'KK  KOIi  AliK’OXAr  I  K'S 


() 


In  ovdvv  to  obtain  4)  in  llu'  n'^non  Ix'twaMMi  tin'  tip 

Maoli  ooiu's.  ;/„  in  {'(piation  (o)  is  s(*l  ('(pial  to  —  j,  and, 
t  li(M’('lor('. 


<P 


M~a,r\ 


dd 


'VUv  pi*('ssm-('  (•(xdlicirtil  Ar,.  (-ont ril)u t (‘d  i)y  tlu'  vt'rlical 
ac(’('i(‘i'a  1  iiii:  motion  is  ol)tain(*d  l)y  partial  dif](*r('nt  iat  ion  ot 
</)  (('(jualions  oV)  and  ((>))  \vitii  |•{‘S[)(M•t  to  and  /.  by  i(‘ttin^ 
/  0.  a  nd  t  ln'ii  bv  snbst  it  lit  in^  t  b(‘S(‘  (‘xpr-i'ssions  tor  00  O.r  and 

00  0/  in  lapiation  (  t).  'Idiis  pro<*css  yii'lds  in  tb(‘  n'ixion 
witliin  llu'  tip  Mach  conrs 


AO/. (./■,//„} 


K  s  +0 


+  -2H\ 


-!/> 


iJ) 


and  in  tbo  vc^/nm  IxSwiam  tli(‘  tip  Macli  conos 

4  ax 

V,.-- 


(8) 


Iviiiiitioiis  (7)  iiiul  (S)  corrcspotid  lo  (■(|uati()ii  (X\)  ol' 
10.  lifter  the  ii ppropriiUi'  triiiisfonniUions  noted 
pr(‘vionsly  for  0  arc'  niiub'. 

ddu'  (b'fivativc's  and  f  aro  tlu'ii  olitaiiu'd  by 

intoirralion  of  tlu'  (‘oriH'spondin^  Ar’^.-distributions  and  (‘oii- 
vc'i'sion  to  nondiiiK'nsional  nnils.  Tim  derivative'  ( is 
slunvn  to  })('  zc'ro  by  the  nse  of  assuiupt ions  similar  to  those' 
note'd  [)re'vionsly  for  f '.v„. 

Derivatives  T',,,,,  and  -  Cx.,  For  small  ae-ea'leral ions 

aloiiir  the'  lliydit  path,  the  potential  will  re'inain  substantially 
imehaii^o'd.  The'  ine-rements  in  pre'ssure  e'atise'd  by  tlu'se 
aeeeh'rations.  the'refore',  are'  assnme'el  te)  be  ne'^di^dble,  and  the 
di'i‘ivativ('s anel  -YV,.  are  appre)ximat ely  zero. 

Derivative  --\n  ste'ady  re>llin^  inotie)!!  with  ani^nlar 

v('le>eity  p,  the  local  slope  of  the  airfoil  surfae'c'  with  re'spe'ct 
to  the'  tle)w  dire'e*tie)n  is 

,  pr}  _p(-n,rrh) 
a  - 


In  oreh'r  to  obtain  tlu'  pote'iitial  dist ribut iein  this  value  of  a' 
is  substitute'd  inte)  e'epiation  {'2)  anel  the'  double'  inte'^ration 
foi’  tile'  variable's  ^  and  rja  is  pe'rlorme'el  betwe'e'ii  the'  limits 
indie'ate'd  in  tiirure'  ih  d  he'  {)i'e'ssure'  e'oe'llie'ie'iit  is  tlu'n  eib- 
(aim'd  freim  I'epiatiem  (2).  The'  eie'rivative  is  obtaine'd 

hv  inte'irraimy^  the'  mome'iits  e>f  the'  Be'i'iioulli  pi'e'ssure'  elis- 
Iribiitiem  tor  rollin^^  irive'ti  in  table  I  anel  by  e'onve'rtin^  this 
iv'sult  to  e'(M‘tiici('nt  feirin. 

Derivatives  and  -In  a  rolling"  me)tie)n.  the'  lateral 

foi’ea'  am]  vaw  ing  momc'nt  relative  to  body  axes  result  e'ntii’e'ly 


;  from  suction  aloniif  the'  tips.  The'se'  sue'tiein  toi'ce'S  may  be' 
'  e'\alua te'el  by  applyintJ:  a  me'thoe!  siurire'st e'el  in  re'h're'nce'  lo 
fe>r  ine'om [)re'ssi bh'  fle>\v  anel  moelihe'd  lor  e'eimpi'e'ssibilt tv 
e'llVcts  in  i-e'lVre'iie'e'  Thus,  if  the'  indue'e't!  surface'  ve'locity 
neu'mal  te)  the'  winy^  tip  is  e'xpre'sse'el  as 


r„  -  ± 


(; 

\  -~ih> 


(0) 


whe're'  (!  is  a  e*e)nstant,  tlu'n  the'  sue'tie)!!  iore-e'  pe'r  unit  le'ii^th 
e)f  tip  is 

Is  -  TTpfr' 

I  (A  more'  sie'iie'ral  e'X[)re'ssie)n  fe)i*  e'elire'  suction  that  is  still  valid 
!  w  lie'll  the'  e'd^e'  is  ine'line'el  te)  the'  stre'am  is  irive'n  in  re‘fe'i'e'm*e'  o 
I  ami  re'cast  in  re'fe're'iie'e'  7.) 

(  dinsieh'r  the'  indne'e'el  surface'  ve'loe*ity  imrmal  te)  the'  tip  e)f  a 
winir  reillin^  with  an  initial  aii^h'  e>f  attae-k  a.  This  ve'leie-ity 
is 


by  V  by 


'00^^ 


wlu're'  the  supersc’ripts  a;  anel  p  refe'r  te)  the'  pe)te'ntials  obtaine'el 
fe)r  a  ve'rtical  motion  and  a  re)Ilin^  motion,  re'spe'ctive'iy. 
Fi-om  table'  [ 

:'/.d  -  'y  [i  ' )+ -  V  +  i)_ 

and  [)artial  diire're'ntiation  of  0'"’  with  re'speet  to  y  yields 


whe'i-e'  //a<0.  Ve'ry  lU'ar  the'  tif),  d)  and 


2r«  jf/ji 


(in 


'I'lic  potential  in  I'olline  </>''  is  iriven  in  lalile  1.  By  partial 
dill'eri'iitiation  of  4>''  with  respect  to  ?/  and  llien  h.V  lellintr 


I  -y,r-4),  there'  re'snlts 


h-. 


,  00  2p  Ixl''  d/M 

irV/Ax-'/T/  ^ 

ddie'  re'sultant  induce'ei  surface'  ve'loe'ity  mirmal  te)  (he  win^ 
tip  as  —  i/a-  4)  is  obtaine'el  by  aeldimr  e'epiatieins  (11)  and  (1-). 
ddius 


IT  \  n 


\  -  'A. 


(Id) 


j  'I'lie  plus  siirii  hefore  V  refers  lo  the  ri.irht  wins:  tip  and  the 
:  iietrativi!  sign  refers  to  tlie  left,  wing  tif). 


STAIilLirV  I)Kin\ATIM;S  AT  srPKI^SOXIC  SPKKDS  OF  THIN  P  K( ''I'ANCr  LAU  WiXCS 


\  tM‘V  iK'jir  llu’  winiL!;  lip.  (‘(jiialioii  (l->^  iias  tii(‘  saiiio  loi’iu 
MS  (‘(jUMlioii  (0)  Mini,  tlKMvIoiv,  liu'  lolal  suction  f()i‘C(‘  jxm- 
unit  l(Mi^lii  mIoii^  tlu'  wing  tip  is 

/•;. .pir  ( /, - )‘ ± •->/, i (a - ) + 1 --.r] 

( 1  4) 

Sp.rf)  I  o  /  .  ./■  \ 

In  (‘((nation  (14)  only  Inc  (cl■^n  * 

i:iv(‘  rise  to  a  lal(‘ral  I’orci'  and  a  yawing  nuniu'iit  wliicli  arc* 
odtaiiu'd  l)y  int(‘grating  iJiis  ttnin  along  th(‘  wing  tips. 
44i(‘S(‘  forci's  and  nionunits  ar(‘  tlicii  con\(‘rt(‘d  to  non- 
dinuMisional  form  to  givt‘  llu‘  dc'rivat iv(‘s  ('y^^  and 


S[I)KS1JI* 


4'iu'  pr<‘ssur(‘ 
steady  lliglil  is 


c()(‘(Iici(‘nl  ohtaincal 


d4> 


IVoin  (‘((Nation  (1)  foi' 


wiien^  4''  and  /  are  measured  in  the  Ilight  direction.  If 
sideslij)  occurs  tlu'.  Might  dir(‘ction  is  incliiual  ladative  to  tJu‘ 
/-axis  hy  the  sid(‘slip  ajigle  (5.  T\w  irclangular  wing  in 
sideslip,  therefore,  becomes  (‘((uivahait  to  a  yaw’ed  wing 
with  the  leading  wing  tip  rak(*d  out  and  tlu'  trailing  w'ing  tip 
raked  in.  If  the  Ivutta-Joiikow'ski  condition  at  the  trailing 
wing  tip  is  m'gha-ted,  the  potcaitial  function  for  the  yawaal 
rectangular  plan  form  may  i)e  ohtaiiual  hy  the  method  of 
reference  4.  In  reference  11,  the  method  of  refenaice  4  is 
exteiuhal  in  order  to  obtain  solutions  for  edges  for  which  the 
Kutta-Joukow'ski  laapiirenuuit  must  b(‘  satisfied. 

Physical  considerations  sugg(‘st .  howawer.  that  for  small 
siih'shp  angh's,  tlie  actual  flow'  for  typically  roumhal  w’ing  tips 
would  in  g(‘n(‘ral  Ix'  unlik(4y  to  conform  to  lh(‘  Ivutta- 
doukow'ski  conditions  along  the  trailing  wing  tip.  The  (xlge 
suction  for  a  lifting  wing  aris('s  bt'cjius('  of  the  flow'  from  th(‘ 
bottom  surfac(*  to  th(‘  top  sui'facc'  around  tlu'  sid(‘  (xlge.  I  his 
flow'  may  be  presumed  to  go  around  any  boundary  lay('r  that 
may  b{‘  pi'(‘S(*nt.  ^1  lu'  hxail  boundary  la\('i  thus  ('xjxu kuu  (‘s 

th('  (‘dge  suction.  Rough  calculations  sugg('sl  that  the  edge 
suction  ix'f  unit  anal  is  approximately  constant  from  the 
hauling  (‘dire  to  th(‘  ]X)int  of  maximum  profile  thickiu'ss,  and 
then  incriais(‘s  rapidly  from  the  iioint  of  maximum  thickiU'ss 
to  tlu'  trailing  (xlgta  4Mie  pressiua*  gradiiuit  is  therefoia* 
favorable  and  the  flow'  at  the  side  ('dge  is  not  (‘xixx'tcxl  to 
S(‘parat(‘.  This  condition  shoidd  pi'rsist  for  small  or  mo(l(*rat(' 
amounts  of  sidi'slip  until  tlx'  additional  pri'ssun'  increment 
(aiusixl  bv  sideslip  product's  a  strong  advt'rst'  prt'ssurt' 
irradient.  Furtlu'r  tlu'ort't i(ad  and  ('xpt'rimeiital  invt'st igation 
is  re((uir(‘d  to  obtain  ((uantitativ(*  n'sidts  rt'garding  tlu'sc' 
(ilxmomena.  On  tiu'  basis  of  tlu'  foregoing  considt'rat ions,  it 
will  lx‘  assunuxi  in  tlx'  (iivstmt  analysis  that  tlu‘  Ivutta- 
doukowski  condition  is  not  satisfit'd  along  the  trailing  wing 
tlj).  The  eflVct  of  satisfying  tlu‘  Ivutta-doukow'ski  condition 
alomr  th(‘  trailing  wing  tip  in  sith'slif)  is  discusst'd  in  this 
analvsis  and  also  in  tlx'  s(‘ction  (‘iitith'd  Rt'sults  and 
Discussion.’’ 


/ 

Derivative  d'lu'  j)ot(‘ntial  coi'tx'Sjioixiing  to  a  thin 

ix'ctangulai'  wing  at  an  angle  of  attack  and  a  finit(‘  angle  oi 
sidt'slip  mav  Ix'  obtaitu'd  from  r(‘f(‘r(MX‘(‘  4.  (‘((nation  (20). 
4du‘  (‘orr('S[>on(ling  pi'(‘ssui*(‘  distribution  may  ix'  obtained 
from  r(‘f(‘r(MX“(‘  11,  a|)p(‘n(li.\  (\  (‘((nation  ((’4).  1  h(‘S(‘  solu¬ 

tions  from  r(‘f('r(‘nc(‘s  4  and  1  1  W('r('  sim|)iili(xl  to  tiu'  a|)j)roxi- 
ma(('  form  for  small  angh's  ol  si(l(*sli[)  {^‘<^1)  nud  conv(‘rt(‘d 
to  tlu' ()r(‘S(‘nt  luitat ion  wit h  r{‘S[){‘ct  to  ax(‘s  shown  in  figuri'  1. 
TIu'  distributions  for  0  and  Ac,.  caus('d  by  combiiuxl  V(‘rtical 
motion  and  si(l(‘slij)  ari'  givi'ii  in  tabh'  I.  I  h(‘  ix'gions  lor 
w'hlch  th(‘S(‘  (*x()i‘('ssions  lor  0  and  A(*/>  ar(*  a|)[)licabl(*  atx' 
bound(‘(l  by  Mach  liix's  with  r(‘si)('ct  to  tlx*  stream  V(‘locily 
V'  W'hlch  is  inclimxl  to  tlu'  ./'-axis  by  tlu‘  sid/'shf)  angle  (3.  As 
not(‘(l  pri'vlously,  tlu'si*  (‘Xjiri'ssions  do  not  satisfy  tlx*  Ivutta- 
doidvowski  condition  along  the  t railing  w'ing  ti{).  As  iiulicat(‘(l 
in  r(*f(*r(‘nc(‘  11,  how(*V(’r,  tlx*  Ivutta-doukowski  (‘ondition 
along  tlx*  ti'ailing  wing  tip  nx'ri'ly  can(*(*is  tlx*  radiiail  t(‘rm 
in  the  (‘xpivssion  for  AC/>  within  tlx*  .Mach  cone  from  tlu* 
trailing  wing  tip. 

A  consideration  of  the  foregoing  A(‘/>-dist!'il)Utions  indic.at(*s 
that  as  a  result  of  sideslip  the  lift  w  ithin  the  Mach  cone  from 
the  leading  w  ing  tip  is  increasi'd,  wh('r(*as  tlx*  lift  w'ithin  tlx* 
Mach  cone  from  tlx*  trailing  wing  tip  is  de(*reas(*d.  A  rolling 
moment  is  thereby  produce*/!.  iMirtlx'rmor'e,  as  a  result  ol 
sideslip,  the  Mach  lines  are  shifted  toward  tlie  trailing  wing 
tip,  and  this  shift  (anitributc's  an  additional  rolling  Jiioment. 
Tlx*,  magnitude  of  the  rolling  moment  caused  by  sidesll[)  is 
giv'en  in  tabh*  II  in  t(*rms  of  the  nondimensional  (h'rivativc 

Derivatives  and  The  (h'rivat i v(*s  Cy^  and 

can  iTsult  solely  from  suction  fonx's  whicdi  are  induced 
at  the  w  ing  tips.  Tlx*se  suction  forc(‘s  for  si(i(*slipping  motion 
w'(u-e  {‘valuated  by  a  metJiod  simihir  to  that  d(*scribed  jinv 
viously  for  obtaining  and  'The  treatment  for  sidi^- 

slip  w'as  based  on  tlx*  conclusion,  not(*d  ])r(‘viouslv,  that  tiu* 
Kut ta-doukow'ski  condition  is  unlik/'ly  to  be  satisfied  for 
(3"pically  roiiixh'd  w'ing  tips  at  small  angl(*s  oi  sid/'slip,  1  he 
jHitential  0  for  d(*t(‘rniining  tlx*  inducc'd  v/'locity  normal  to 
the  W'ing  tip  was  obtained  from  table  I.  Tlx*  r(*sultant  lat(*ral 
for(‘(‘  and  vaw'ing  monx’iit  ar(^  giv(‘n  in  nondinx'iisional  form 
in  tabh*  I L. 

yawim; 

In  vaw'ing  Ilight,  tlx*  str/'am  v/'locity  vari(*s  linearK”  along 
I  lx*  s|)an.  This  (*fb'ct  introdixx's  variations  of  both  d^mamic. 
pr(*ssur(*  and  compr/'ssibilit v  (*M(*cts  /dong  tlx*  w’ing  span, 
ddx^  surfacM*  |)ot(*nllal  as  (*xj)r('ss(‘(l  in  (*(juation  (2)  satisfi(*s 
tlx*  lifU’ariz(*d  pol(*ntial  (‘((nation  for  a  uniform  slr(*am  Mach 
nund)(*r,  but  is  inad('((uat(*  to  a(‘count  for  tlx*.  compr(‘ssi- 
bility  (*lf(*cls  associat(‘d  w'itli  a  s()anw'is(*  variation  of  stream 
.Mach  number.  (S(‘(‘  r(‘fi‘r(*n(*(^  7.)  Th(*c}is(*ol  tlu*  1  i‘ji|)('zoidal 
W'ing  with  tips  cut  off  along  the  Mach  iiix's  (raked  tips) 
W'as  analyz(*(l  in  r(‘f(*!'(*nce  7.  It  w'as  show'n  that  the  ])r(*ssur(*. 
distribution  could  lx*  obtain/*/!  bv  application  ol  the  Ack(U*/'t 
Iw'o-dinx’nsional  tlx'orv  modifi/'d  In'  using  tlx*  local  Mach 
numb/*r  at  /‘ach  s[)anw'ise  station  as  ‘.dl’/'cted  by  the  Aunving. 


IIKPOHT  '.f’.')  —  XA'l'IOXAL  Al)\iS()HV  ( '( )M  M  I'n'K  K  VOH  AKHOXArTICS 


liu'liisiou  of  (1h‘  spjiuwisf'  vjirialioii  in  Madi  niiinlx'r  was 
(li'iiionsl lo  hnv('  a  profound  (dlVot  on  lli(‘  pia'ssuru 
dislridiition. 

TUi'  addition  of  suiiahli'  t  rianju'ular  lips  to  llu'  afor(Mn(‘n- 
lioiu'd  t  ra  p('zoi<iaI  win^  (‘onv<‘rts  it  into  a  |■('<•(anlLr^dar  win^. 

add(Hl  tips  li(‘  wholly  wiiliin  tin*  lip  Mach  coin's  and 
thus  th('ii‘  addition  docs  not  alter  tlu*  pr(‘ssui'<‘s  on  tlu'  tr-ap- 
('zoidal  portions,  A  rigorous  solution  (oi*  the  prt'ssiin's  on 
the  tip  port  ions  cannot  yc't  ht'  (hunonst  rat('d.  Ilowevi'r,  an 
ex[)!'(‘ssion  that  appiairs  j)lausil)l('  has  het'ii  ohtaim'd.  This 
pH'ssuri'  (list  rihut  ion  for  tlu'  tip  portions  is  dcrivi'd  hy  su[)(‘i- 
j)osin^  on  i  h(‘  ;\ckei‘('t  pressuri'  distribution,  as  inodilii'd  1)\ 
local  Mach  niiinhi'r.  an  appropria((‘  fuiKUion  wliich  iuKills 
ih('  houndarv  condition  for  no  pn'ssuri*  disc’ont inuit it's  in 
lh{‘  r(‘irion  ('Xti'rior  to  llu'  win*:,  d'his  function  thus  r(‘[)r('- 
s('nts  tlu*  (‘licet  of  th(‘  win^  (‘Ut-oll’  and  is  (h'si^natial  h(‘r(‘in 
as  lh(‘  (ip  (dFccl.  The  prc'ssuri'  diiri‘r(*nc(‘  A/"*  at  any  i)oint 
according  (o  tin'  Acki'ix't  (In'ory  hast'd  on  local  Mach  nundx'r 
is  ( i‘('f(‘i*('nc('  7  ) : 


ivpiatioii  (1 ')}  shows  that  the'  prt'ssiin'  distrihut ion  for  an 
infinitt'ly  lon^  wins:  which  has  a  st(*ady  yawin*:  vt'locity  r  and 
vt'i'tical  vt'locitv  a'  is  exprt'sst'd  hy  two  coinpoiK'nts.  Oiu'  ol 
thes('  c()rn[)on{'nts  is  |)roport ional  to  u\  is  constant,  and  ^ives 
the  pivssure  distrihution  contrihutt'd  hy  an  anyde  of  attack 
in  stiaiydit  lliydit.  Tlu'  otiu'r  coinpoiu'iit  is  proportional  to 
irr,  ydv('s  a  liiK'ar  antisyinnu't rical  distrihution  with  n'spt'ct 
to  y,  and  {'X[)i*(‘ss('s  th('  j)r('ssur('  (list rd)titu)n  contrihutc'd  h\ 
yawing. 

It  will  !)('  ivcalh'd  that  the  solution  for  stt'ady  rollin*:, 
tix'ated  in  a  |)i’ec(‘din<:  s(‘ct ion.  n'sulte'd  lik('wis('  in  a  pi-('ssur(' 
distrihution  j)i-oport ional  lo  y  in  the  ivydon  h(‘(W('('n  tlu'  tif) 
Mach  coiK's.  T\\v  pi'(‘ssur('  (list  rihut  ions  contrihutc'd  hy  roll- 
ins:  and  hv  yawiny"  art'  thus  proi)ortional  in  tin'  rt'^don  ht'- 
t\\('(‘n  th('  ti|)  Mach  coiu's.  Tlu*  win^  (*ut-oli  is  {'(h'ctt'd  hy 
cancelins:  iht'  (list urhanct'  prt'ssures  outhoard  of  tlu*  dt'sirt'd 
lip  hxaition  hy  nu'ans  of  a  function  that  satisfit's  tlu*  hound¬ 
arv  conditions  on  tlu'  win*:.  Bt'causi*  tlu*  two  prt'ssurt'  dis- 
ti'ihutions  to  h(‘  caiua'h'd  (‘orr('sj)ond  in  tlu*  yawins:  and  roll- 
ins:  cas('s.  tlu*  incrt'iuental  prt'Ssurt*  tunction  or  tip  (‘Ih't't  lor 
each  cast'  evidt'iitly  must  rt'diice  to  forms  which  will  havt* 
tlu'  sanu'  factor  of  proportionality  in  tlu'  ('iitirt'  plant'  ol  tlu* 
winy"  outhoard  of  (ht*  tip.  It  st't'ins  rt'asonahit*  to  assuint', 
t ht'rt'fort',  that  for  small  yawiny  motions  tht*  two  pressure' 
distrihutions  will  also  have'  vt'ry  ru'arly  tlu*  saint'  factor  of 
proportionality  within  the*  tip  Mach  coiU's. 

Tilt'  proportionality  constant  Ix'iwe't'n  the'  prt'ssurt'  distri¬ 
hutions  for  rolling  and  yawiny  motions  may  he*  dt'te'rmine'd 
hv  a  comparison  of  tlu'  case's  of  rolling  and  yawins:  in  column  4 
of  table  1.  The*  pre'ssurt'  ctx'Hicit'ni  pt'r  unit  yiiwiny  vt'loc- 
ilv  is  st't'ii  to  he  a  If  limes  the  prt'.ssure'  cot'llicient  pt'r  unit 
rolling  N't'locity,  or 

( Ac /» )  ,.„ , „ a  -  i  n't  roll iiiii  ( I h ) 

whore  ('tpiation  (  hi)  will  apply  over  iht*  whole  winy. 


Derivative  f7.  4du'  prt'ct'diny  analysis  indleate'd  that  the* 
[ire'ssurt'  distrihution  pt'r  unit  yawiny  ve'locity  is  in  a  simple* 
ratio  to  that  pitxluct'd  pt'r  unit  rolliny  ve'locity  (etpiation  { Ih)). 
Thus 


^  I  (\ 

"  If  i' 


Tht'  dt'rivalive'  C,  has  Ix't'n  de'rivt'd  pre*\'lously  and  is  yiven 
in  tahle*  1 1 . 

Derivatives  (\-  and  (\,  ,  A\  ht'ii  tlie*  winy  yaws,  the* 
ant  isvmme't  rit*al  prt'ssurt*  distrihution  which  is  indicate'd  hy 
('tpiation  1 1  •’) )  will  produea'  unhalanct'd  suction  lorct's  at  tlu* 
riyht  and  hd't  winy  tips  and  tlit'rt'hy  yivt'  rist*  to  latt'ral  force's 
and  yawiny  monit'nls.  In  addition,  skin  friction  will  ctin- 
trihute'  a  yawiny  moment. 

It  appt'ars  (hat  a.  rt'asonahit'  althouyli  a|)pro\'imate  evalu¬ 
ation  of  the'  ti|>  suction  forct's  in  yawiny  can  Ix'  obtained  hy 
mt'ans  of  the'  corrt'sponth'nct'  of  yawiny  with  rolliny  as  utilizt'd 
pi't'viouslv  in  dt'i'iviny  (‘tpiation  (Ih).  This  proct'durt*  dtx's 
not  satisfy  the  Kut ta-Joukowski  rt'tpiirt'mt'nt  in  the  sideslii) 
compont'iit  of  the  stream  ve'locity  in  yawiny;  liowt'ver.  this 
tlu'ort'lical  deviation  is  likely  to  lx*  vt'ry  small  in  the  actual 
(low.  On  tlu*  basis  of  tht'st*  considerations,  llit*  induced  suc¬ 
tion  force's  on  tlu*  winy  tips  [)er  unit,  yawiny  velot'ity  will  ho 
rt'lated  in  the*  ratio  cxjlf  to  the  correspontliny  induced  suctitin 
ft)i-ct's  per  unit  rolliny  ve'locity  which  wt'rt*  dt'rivt'd  previously 
fst'ctioTi  ('ntithal  “J4erivatives  and  (\  The  contri- 

V  l> 

hut  ions  e)f  the  tip  suction  forces  lo  and  (\t  are,  therefore, 


and 


p  ^  n 


/r 

'  -Jf 


wht'rt*  (’y  and  (\,  are*  yiven  in  tahh'  If. 

Tilt'  ('(Ft'e-t  of  skin  friction  on  the  yawiny  inonu'nt  due'  to 
yawiny  is 

.V.,.-cos  [l  C-'7/)M-'-(2“-'')  ][(■'— 2) I- 

wht'i't'  tht'  first,  hrackt'lt'd  tt'rm  t'xpresst's  tlu*  stpiare  of  tlu* 
rt'sultant  local  ve'ltx-ity  and  (3  is  tht'  local  anyle  of  sitlt'slip: 


lAliminatiny  st'cond-orde'r  te'rms  and  terms  corrt'spondiny  to 
symmt'l  rical  dray  force's  and  e*eui\'('rtiny  Ax  to  cot'dicieni 
form  yie'lds 


4c/c*  J -fi  Jii 


(U  (Jy 


RESULTS  AND  DlSUliSSION 

As  note'el  in  tlit'  pn'ce'diny  analysis,  the'  nondimt'iisional 
stability  dt'rivatives  whit'h  are'  pre'st'iite'd  in  tahh'  II  we'i'c 
derivt'd  with  rt'ft'rt'iit't'  to  princi[)al  htxly  axt's  with  tht*  oriyin 
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'rii('i'(‘l’()r(‘.  lli(‘  r-(*sul(s  for  ( in  (iii-iir('  4  (a)  ar(‘  applica- 
l)I(‘  \vh(M‘(‘  l!i(‘  lviiUa-4()uko\vski  coiKiil  ion  ahnii:  ilu‘  win^^ 
(railinir  is  not  satisti(Ml.  fn  otaiiM'  lo  (kn ciTnino  tiu‘ 

ctrcct  on  (\^  of  satisfvinii-  (In'  Ivnt  la-4ouko\\ski  condition 
alon^^  lli('  trailiiiL^  tif).  tin'  fotTiinla  foi*  wliicli  nwaTs 

this  r(‘(|uir(Tn(*nt  was  also  ohtaiiK'd  and  is  as  tollows: 


5  +  27r\ 


A  (•oin[)arison  of  this  forniida  with  tli(‘  <lala  for  i^iviTi 
in  h.<:ur(‘ 4  (a )  indicat ('s  t liat  tin'  (‘llk'ct  of  sat islyinir  ( lu'  Kutta- 
doidvouski  condition  alon^  (he  trailinir  winir  tip  r(‘dnc('s 
in'R'al iv(‘ly  tin'  valiu's  of  (\^  from  thos(‘  oht aim'd  hy  in'irh'ct- 
in^  tin'  Kut ta-donkowski  condition,  h'or  ('.xamph'  loi'  />’ —  1 
and  wln'n  tin'  Iviit ta-donkowski  condition  aloiiij:  tin' 

trailing  winii;  ti[)  is  m'^lcctc'd,  7  —thOSRa :  and  w  hen 

tin'  Ivnt t a-floukowski  condition  is  satisli('d  alont:  tin'  trailing: 
win^  tip,  7 — 0. 14()a.  ddius,  it  is  (‘.xpi'ctt'd  that  when 
tin'  sid(‘slij)  ani^h'  hc'conn's  hn‘<>:(',  tin'  diln'dral  etrect 
should  !){'  r('duc('(I  si^oiihcantly  Ix'canse'  of  the  Kntla- 
ffoidvowski  (’ondition  alonti:  tin?  trailinir  win^^  tip. 

''Pin*  longitudinal  stability  dc'rivat i V('s  in  tigun'  5  refer  to  an 
a.xis  whos(‘  origin  is  locat('d  at  tin'  midchord  point.  Tin'  data 
in  ligurt'  o  (c)  for  show*  tliat  rc'ctangular  wings,  w’itli 

r('f(‘r('nce  to  this  origin,  hav('  an  incr('asingly  iinstabh' 
pitching  monn'iit  with  (h'creasing  aspc'ct  ratio  which  cor¬ 
responds  to  a  forw’ard  shift  in  tin?  a(‘rodynami(‘  ('enter.  For 
iidinilt'  aspect  ratio,  tin'  a('rodynamic  c('nter  is  lo('ated  at 

tin?  midchord  poitil  or  If  the  as[)ect  ratio  is 

(h'CH'asc'd  to  a  valin'  of  4  fora  Mach  numlx'rof  1.41,  figure  d 
indicatc's  a  forw'ard  shift,  of  tin'  a(*rodynamic  c(‘nt('r  of 

0.020  chord.  Witli  constant  Mach  numlx'r,  the  ratio 

B(\n  i~  BCz  is  ohtaiiu'd  from  figure*  d  soh'lv  as  a  function  of 
AB.  44n'S('  data  indicate'  that  with  constant  asj)ect  ratio 
and  ine'rc'asing  Mach  numhe'r,  the'  ae'rodynamic  center  will 
shift  re'arwarel.  For  an  aspect  ratio  of  4,  an  increase*  in 
Mach  numhe'r  from  J  .4  to  1.0  will  shift  the  aerodynamic 
ce'iite’r  re'arwarel  0.01  chore!. 

Tin*  (h'rivat ive*  give’ii  in  (ahle*  II  for  inhnite'  asfX'ct 

ratie)  is  ne'gative*  whie-h  inelicate's  lu'gative'  damping  or  insta- 
hility.  ddn*  rat  io  —  t' —  ('y.^  from  tahie*  II  give*s  t  he*  lo(*at  ion 
of  the*  cente'i'  of  [)r('ssur('  of  the*  I'e'sultant  lift  contrihute'd 
hy  (\.  By  taking  this  ratio  for  infinite*  as{)ccl  ratio,  the 


('('iite'r  of  pre'ssure*  is  found  to  he'  loe'ateei  at  a  point  e*  Ix'hind 

the*  h'ading  e'dge*.  The*  ne'gative*  damping  produce'd  hy  eV, 
I  he‘r(‘fe)re‘.  gives  an  unstahle*  [)ite'hing  me)m('nt  for  cente*r-e)f- 

2 

gravity  locat ie>ns  ahe'ael  of  -^c.  d'he'se*  unstahle  te'iidencies 
cause'd  hy  a  are*  minimize'd  hy  the*  (‘ffe'cts  of  finite  sj)an  and 
tdie*  inslahility  due  to  Cz^  disappears  entirely  if 
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liKPoirr  U2:) — XA'rioxAL  ai)\is(u:v  (’o.mm ittki-:  for  afkuxaf'I'K's 


(  ()N('LUSl()NS 

A  t  luM>i‘(‘l  icjil  invest  ion  has  Ixani  made  l)y  nnanis  ol 
iIk'  liinan-i/aMl  lluH)rv  to  obtain  formnlas  foe  tin*  siii-laec'- 
v('loeit  v-pol  (ml  ial  fu net  ions.  sni‘fa(‘(‘-[)r(‘ssue(‘  (list  I'ibnt  ions, 
.‘ind  s(jil)ililv  (hn-i  va  t  i\('s  foi-  vaeions  motions  at  sii|)ei'sonie 
spjMMls  foe  e('el a iiirnla i‘  winys  ol  Z('eo  ihiekiK'ss  without 
diln'deal.  'V\\c  iinu'sl  i^za  t  ion  inelmhal  sl(‘ady  and  aeet'hu'at- 
inir  V(‘etieal  and  longitudinal  motions  and  st(*ady  eolliny. 
NauiuLT.  sid(*sh ppi nir.  and  pitching  loe  Mach  numbcM’s  and 
aspiM't  eatios  yeeat(‘e  than  thost'  foe  whieli  th(‘  Maeh  liiu' 
from  tin*  haidinir  ('dLC(‘  ol  tin'  tip  sc'etion  int(‘es(*ets  tin'  ti'ailin^ 
('dLt(‘  of  t  he  opposite'  I  i[)  s('elion. 

ddu'  folIowiniT  siiruilicant  <‘oneiusions  haV(‘  l)('('n  obtaiiu'd 
foe  t  his  in  V(‘st  ipit  ion : 

1.  At  suj)eesonie  spi'eds  loe  Maeli  nundx'es  stnalh'e  than 
ap[)eoximately  1.41.  positive'  yawing  ^u'm'eally  e('sulls  in  a 
iK'iralivi*  1‘ollin^  monn'iit  in  contrast  to  tlu'  Ix'havioe  at.  sid)- 
sonic  spt'i'ds  wlu'et'  a  [)ositiv('  i-oliiny^  monu'iit  is  [)eodue('d. 

2.  Tile  attainnu'Ut  of  sup(‘i‘sonie  sp('('d  produces  a  si^nili- 
eant  ehan^u'  in  tin*  [)ositiv('  diec'ction  of  tin'  yawing  monu'nt 
pt'e  unit  eollinir  \('locity. 

Foe  inlinitc'  aspc'ct  ratio,  a  constant  ve'rtical  a{‘C('I(‘ea- 
tion  causes  a  in'irativ('  damping  in  tin'  \’('etical  motioti,  and 
an  unstal)l('  pite'hin^  monu'nt  foe  c{'nt('iM)f-^eavity  locations 

aln'ad  of  tin'  o  -(’hoed  point.  Tln‘S('  unstable'  t ('luh'tu’ie's  are' 

minimi/A'd  by  the  ('iF'e’ts  of  Unite  span  and  the  instability 
du('  to  tin'  rate  of  chan^LU'  of  lift  with  ve'rtical  acceh'eat ion 

disappe'aes  ('ntii'(‘ly  if  A\d/“ — wlieee  is  tin' 

aspe'ct  ratio  and  M  is  I  In'  Mach  nunibc'e. 
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VARIOUS  WING  MOTIONS 


bTABIUTY  PEUIVATn  ES  AT  SUPERSONIC  SPEEDS  OF  THIN  RECTANGULAR  WINGS 
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Crosshatching  indicates  region  wliere  formulas  arc  applicalile.  «  Tormula  ai)plies  to  right  half-wing;  for  left  half-wing, 

Also  infinite  aspect  ratio.  <i  Xot  established  rigoroush’;  see  text. 
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RKPOUT  92') — XATIOXAL  ADVISORY  CO-MMITTEE  I'OR  AEROXAUTICS 


TABLE  II,— STABILITY  DERIVATIVES  OFTIUX  EL,\T  RIX^TANdELAU  WINES  WITIIOLT  DIHEDRAL  AT  SEl’ERSONU;  STEEDS 


J’rincipal  body  a\rs 

Stability  axes 

at  i){)i!il  0.  0^^ 

U  distaiua'  measured  [)()sitiv('  ahead  of  midehord  point  - .r.-,,  0,  0^^ 

Stal)iiil  y 
(Irrival  iv(' 

Fonnuia 

derivative 

Fonnuia 

l>at(‘ral 

r,,,-«[ry-fTy-;^|(27y-r-r,.,)] 

<v  /  1  —  /)’■  H-r 

ir-\  AH  .LI-/4-/ 

<W 

ty-r«(7y-Jj(V,) 

a  (2  1,1,  1  \ 

AB^:\A-B-  VIA'JP  / 

^Ba{  1  2  \ 

\a^B-  :iA'B'J 

'  L  -  V,  - .  [9,  -  r., + (9,., + sr.,)  -  yy  V,] - 

■ia-M- 

:WA^B- 

c„ 

T 

~:ixB\.\:-JB  ^A'lP)  :)  \  ^2A\) 

"r 

r„-g|(e,,+2e„,)+|5;e,.,+ 

“  [-  j+ 

e,. 

V 

1  (la  /  I  \ 

4r  \AB~^^AnP) 

C),+«(0--S-0'.) 

SaK\P 

t'AB- 

Oy^ 

HlaV  1  4  \ 

B-it  \ab  {)A-bO 

C'.-/ 

Loiij5iMi(iinal 

( 

1 

:L\n- 

{C,-aG,^) 

C  ' 

; 

2 

:  1  + 

:  :177’  V'  AB  ) 

C,n,' 

r,„_.  4-*^*  7’;,. 

:  ^'.91 

0 

(\' 

yo,,+''7o.) 

-<W 

i 

-C\  +  <^{Cx-G,^)  1 

i 

2 

WAW 

-Cz--^G^ 

^  C  ^  1 

- 

JP\  -.AJi  ) 

-Cy.' 

i 

1 

1 

0 

1 

-''aV  I 

0 

-^A-; 

«(^A-,-e.J+a'-Y\„ 

■  ^^0 

-ev ' 

'’■u 

-7V  -aCV  -a'-'G: 

A  y  /■)  .<0  ^ 

-6at 

0 

-Gx  ' 

— (ft,+ya.) 

-Cx, 

0 

—  Ox^' 

-^A-,I 

0 

-CxP 

—  OcCy^^ 
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X 


Diameter 
Geometric  pitch  ^ 


Power,  absolute  coefficient 


P/D 

V' 

Pitch  ratio  "’  -1 7  ■  . 

Inflow  velocity  "  / 

a 

Speed-power  coefficient = ^ '  ;  >7  " 

V. 

Slipstream  velocity  ^  ^ 

V 

/Efficiency  \  ^  ^  :  n  v,s 

-r 

Thrust,  absolute  coefficient  ^ 

^  n 

Revolutions  per  second,  rps  — 

^  7  V  V  \  A  - 

Q 

Torque,  absolute  coefficient 

Effective  helix  angle=tan“‘f2^j^)  s  / 

$.  NUMERICAL  RELATIONS 


Ihp  =76.04  kg-m/s=550  ft-lb/sec 
1  metric  borsepower=0.9863  bp 
1  mph=0.4470  mps  _  . 

1  mps=2.2369  mph  - 


llb=0.4536  kg 
-  1  kg=2.2046  lb  J  ; 

rmi=  1,609.35  m=5,280  ft 
lm=3.2808ft  -  - 


\' 
..  S' ' 


